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Realistic Pension Funding: A Stochastic Approach 
Shih-Chieh Chang* 
Abstractt 
The process funding pension plans is viewed as a dynamic control pro-
cess. Two performance measures are introduced to evaluate the effectiveness 
of plan contributions: the cost-induced performance measure ((IPM) and the 
ratio-induced performance measure (RIPM). A dynamic programming approach 
is used to determining the optimal contributions with the objective of mini-
mizing the performance measure. The methodology developed is applied to a 
sample of members of Taiwan's Public Employees Pension Plan (Tai-PERS). We 
show that RIPM produces more stable results than those using CIPM. 
Key words and phrases: contributions, control theory, dynamic programming, 
performance measure 
1 Introduction 
Following Haberman and Sung (1994), the process of pension plan 
funding is viewed as a stochastic control system where the plan's finan-
cial obligations are affected by random events (such as penSion plan 
turnover, investment returns, deaths, retirements, etc.). The meth-
ods of control theory can thus be used to assist plan administrators 
in choosing optimal contributions. Contributions may optimized with 
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respect to a performance measure or with respect to maximizing the 
probability of plan solvency during the period of budget planning. 
Several authors have studied pension funding using control theory 
or other similar methods including Bowers et al., (1982), O'Brien (1986, 
1987), Bacinello (1988), Dufresne (1988, 1989), Haberman (1992, 1993, 
1994), Daykin et al., (1994), Haberman and Sung (1994), Haberman and 
Wong (1997), ScMI (1998), and Chang(1999). Survey articles on applica-
tions of control theory to insurance in general include Martin-LOf (1994) 
and Runggaldier (1998). 
The objective of this paper is to use control theory techniques to 
determine the optimal employer contributions. The optimality crite-
rion used is based on the risks associated with the stability and secu-
rity of the pension plan. Two types of risks associated with pension 
plan stability and security (as proposed by Haberman and Sung (1994» 
are used: (0 the contribution rate risk, and (ll) the solvency risk. An 
objective function associated with these two risks is constructed and 
dynamic programming methods are then used to derive the optimal 
contributions that minimize the solvency risk subject to speCific con-
straints. Details of this dynamic optimization can be found in Chang 
(1999). The methodology is applied to the Taiwan Public Employees 
Retirement System (Tai-PERS). 
The paper is organized as follows: Section 2 describes two perfor-
mance measures and the dynamic optimization scheme. An expression 
is given for the minimum contribution. Section 3 contains a mathemat-
ical description of the benefit structure of Tai-PERS. Section 4 presents 
an application of the proposed methodology to the Tai-PERS data. 
2 The Model 
2.1 The Basic Notation 
Let T denote the plan administrator's planning time horizon, Le., the 
administrator is interested in achieving certain results related to plan 
stability and solvency by time T. For t = 0,1,2, ... , T -1, the following 
actuarial notations are used throughout this paper: 
Chang: Realistic Pension Funding 
it = The actual rate of return on pension fund assets in [t, t + 1); 
Vt = The discount factor from time t to time 0, with Vo = 1; 
Ct = Contributions paid at time t for the plan year [t, t + 1); 
Bt = Total benefits paid during the plan year [t, t + 1); 
NCt = The normal cost at time t; 
Ft = Total pension plan assets at time t, excluding Ct; 
ALt = Total plan accrued liability at time t+; 
Jt = All plan information in [0, t); 
f3t = The risk-weighted ratio at time t; and 
'1 = The target funding ratio. 
7 
The parameter f3t is needed to balance the tradeoff between the sol-
vency risk and the stability risk (discussed later). To generalize the 
model, '1 is used as the target funding ratio with the understanding 
that the funding ratio may not necessarily be equal to the accrued lia-
bility, Le., '1 is not necessarily equal to one. 
We assume that for the period of the planning horizon, the plan 
valuations occur at times 0, 1, ... ,T -1 using the entry-age-normal cost 
method,l and that Jt contains all of the information gathered from all 
previous plan valuations. This information includes: 
• Vb for k = 0,1, 2, ... , t; 
• ib for k = 0,1, 2, ... , t - 1; 
• Ck, for k = 0, 1, 2, ... , t - 1; 
• NCb for k = 0,1, 2, ... , t; 
• ALb for k = 0,1, 2, ... , t; 
• Fb for k = 0,1, 2, ... , t; 
• f3b for k = 0,1, 2, ... , t; 
• Bb for k = 0,1, 2, ... , t; and 
• The information pertaining to plan demographics including em-
ployment and salary information for each employee that entered 
or left the plan during the period [0, t). 
1 For details on pension cost methods see, for example, Shapiro (1985) or Anderson 
(1990). 
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Thus the only information unknown at time t is the rate of return for 
the coming year, it, and the actual contribution, Ct. 
2.2 The Optimization Equation and Its Solution 
We will define the performance measures used to construct the op-
timization equation. 
2.2.1 Performance Measures 
A performance measure is a nonnegative function that is used to 
determine the set of parameters of the model that best fit the data over 
the entire planning horizon. Two performance measures are defined: 
the cost-induced performance measure (CIPM) and the ratio-induced 
performance measure (RIPM). The CIPM was proposed by Haberman 
and Sung (1994) as a discounted quadratic deviation risk measure to 
obtain the optimal contribution. The RIPM was proposed by Chang 
(1999). It employs relative performance ratios to measure the dis-
counted quadratic deviation in achieving the optimal funding status. 
The CIPM is defined as r, a function of the contributions: 
r == r (Co, ... , CT-l) 
~ E [I [v, (C, - NCd' + v,,, P'+l (F,+ 1 - ryAL,+ r) 2 ] 1 
and RIPM is defined as I, a function of the contributions: 
I==I(Co, ... ,CT-l) 
(1) 
~ {tJ, ( 1 - ~y +v,+ 1 P'+l ( 1 - ry:z,~J'll (2) 
Each performance measure can be split into two risk measure compo-
nents: the contribution rate risk and solvency risk as shown in Table 
1. 
2.2.2 The Optimization Equation 
The optimization problem at time t ::; T - 1 is to determine the 
sequence of contribution rates Co, Cl, ... , CT-l that minimize the chosen 
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Table 1 
Risk and Performance Measures 
Risk Measures 
Contribution Rate Risk: 
Solvency Risk: 
Performance Measures 
CIPM RIPM 
( C )2 Vt I--t NCt 
( Ft+ 1 ) 2 Vt+l 1 - I]ALt+l 
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performance measure. In the case of the RIPM, J must be minimized, 
Le., the optimization equation is: 
[
T-l[ C)2 
min J = min E I V5 1 __ 5 
Co, ... ,CT-l CO, ... ,CT-l 5=0 ( NC5 
+ VHIPHI (1 ~ /;{,~,) '] I~t] . 
If we set 
for k = t, t + 1, ... , T - 1, and 
then the optimization equation at t can be written as 
min J= min JOt+JtT. 
CO, ... ,CT-l cO, ... ,CT-l' , 
At time t, however, Co, Cl, ... , Ct-l are already known so JO,t is known. 
= JO,t + min Jt,T. 
Ct, ... ,CT-l 
Hence only Ct,Ct+l, ... ,CT-l and Jt,T need to be determined. In other 
words, we need only to minimize Jt,T subject to certain funding con-
straints. The full optimization problem thus is to 
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C 
min Jt,T = E [Til [V5 (1 - NCC5 )2 + VS+lf3S+l (1 - it )2]I:J t ] 
t, .•. ,CT-l 5=t 5 r} 5+1 
(3) 
subject to the funding constraint 
Ft+l = (Ft + Ct - Bd (1 + id . (4) 
Equation (4) assumes Bt is paid in a lump sum at the start of the year. 
As we will see, this is clearly not the case under Tai-PERS because its 
benefits are paid twice per year or as a lump sum. 
2.2.3 Some Assumptions 
For k = t, t + 1, ... ,T - 1, let Ok (Ft) be a function of F (t), where 
(5) 
As pension plans usually evaluate their financial status annually, it is 
reasonable to assume that F t is a Markov process. As Ok (Ft) involves 
the term E [F;+ll:J t ], then we can write 
(6) 
where, for t = 0,1, ... ,T, the terms al (t), a2 (t), and a3 (t) are se-
quences of constants. Following Haberman and Sung (1994), we use 
the boundary conditions al (T) = a2 (T) = a3 (T) = O. 
For mathematical simpliCity, the sequence of annual rates of return, 
Utl, is assumed to consist of independent and identically distributed 
normal variables with constant mean e and variance (Y2, i.e., 
(7) 
The first two moments of it are 
The moments of Ft+l I Ft are 
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E [Ft+l I FtJ = (1 + 8) (Ft + Ct - Bd 
and 
E [Fl+l 1Ft] = ((T2 + (1 + 8)2) (Ft + Ct -Bd 2 . 
The sequence of valuation discount factors {Vt}, however, is assumed 
to be independent of the sequence of itS. 
2.2.4 The Solution to the Optimization Equation 
The solution follows that proposed by Chang (1999). 
(8) 
where 
12 Journal of Actuarial Practice, Vol. 8, 2000 
R (C,J ~ v, (1 -~J' + V",P,.,E [( 1 _ /::,,'J 2 Il,] 
+ E [( a1 (t + 1) Fl+1 + a2 (t + 1) Ft+1 + a3 (t + 1)) l::i t ] 
= Vt (1- ~)2 
Net 
f3 [1 2 
(1 + 8) (Ft + Ct - Bd 
+ Vt+1 t+1 - AL 
ry t+1 
(cr 2 + (1 + 8)2) (Ft + Ct - Bd 2 ] 
+ 2 (ryALt+1) 
+ a1 (t + 1) (cr2 + (1 + 8)2) (Ft + Ct - Bd 2 
+ a2 (t + 1) (1 + 8) (Ft + Ct - Bd + a3 (t + 1). (9) 
The first derivative of R (Cd is 
dR (Cd = - 2Vt (1 _ ~) 
dCt Net Net 
f3 [ -2(1+8) 2( 2 (1 n)2) (Ft+Ct-Bd] + Vt+1 t+1 AL + cr + + (7 2 ry t+1 (ryALt+d 
+ 2a1 (t + 1) (cr2 + (1 + 8)2) (Ft + Ct -Bd 
+a2(t+l)(1+8). (10) 
Setting equation (10) to zero and solving for the optimal ct yields 
D(R) - H(R) x F 
C* - t t t 
t - G~R) (11) 
where 
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(R) 2vt 2Vt+lf3t+l (1 + 8) 2Vt+lf3t+l (0- 2 + (1 + 8)2) 
Dt = -2 + + 2 2 Bt NC t I]ALt+l I] ALt +1 
+ 2al (t + 1) (0- 2 + (1 + 8)2) Bt - a2 (t + 1) (1 + 8) (12) 
HiR) = 2Vt+lf3t+l (1 + e) + 2a2 (t + 1) (0- 2 + (1 + 8)2) (13) 
I]ALt+ 1 
(R) 2Vt 2Vt+lf3t+l (0- 2 + (1 + 8)2) 
Gt = NC2 + n 2AL2 
t '/ t+l 
+ 2al (t + 1) (0- 2 + (1 + 8)2). (14) 
As 
Ot (Fd == R (en, 
it follows that 
al (t) Fl + a2 (t) Ft + a3 (t) 
= v, (1 -~~,) 2 + V'+IP'+IE [ (1 - ~::r~,) 2 131] 
+ al (t + 1) E [Fl+ll:Jt ] + a2 (t + 1) E [Ft+ 11:JtJ + a3 (t + 1) 
which yields 
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d 2R(Cd _ 2Vt +v f3 1+2e+e2 +u2 
dcl - NC~ t+1 t+1 (IJAL t+1)2 
+ a1 (t + 1) ((1 + e)2 + ( 2) 
> 0, 
which implies that 
a1 (t + 1) > - (i Vt + Vt+1f3t+1 ) . (17) 
((1 + e)2 + ( 2) NCF (IJAL t +1)2 
So ct is the unique optimum contribution for year t. 
Finally, the optimal contributions for a planning period of T years 
under CIPM are determined from the following equations: 
D(C) - H(C) x F 
C* t t t t = (C) Gt 
(18) 
where 
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D~C) = (2vt NCt + 2 (V t+l /3 + atCt + 1)) ((1 + 8)2 + (T2)) Bt 
+ (2vt+l/3ALt+l - a2(t + 1)) (1 + 8) (19) 
H~C) = 2vt NCt + 2 (v t+l /3 + adt + 1)) ((1 + 8)2 + (T2) ; (20) 
G~C) = 2vt + 2 (V t+l /3 + al(t + 1)) ((1 + 8)2 + (T2). (21) 
The {adt)} and {a2(t)} sequences used in equations (19), (20), and 
(21) are different from that used in the RIPM method. They are defined 
recursively as: 
t (v t+l /3 + adt + 1» ((1 + 8)2 + (T2) 
al (t) = V v t + (v t+l /3 + al (t + 1» ((1 + 8)2 + (T2) (22) 
and 
a2(t) = 2 (NCt - Bt)adt) 
v t (a2(t + 1) - 2v t+l /3AL t+l) (1 + 8) 
+ v t + (v t+l /3 + adt + 1» ((1 + 8)2 + (T2)' (23) 
3 Taiwan's Public Employees Retirement System 
The Taiwan Public Employees Retirement System (Tai-PERS) is a large 
defined benefit public retirement system that provides retirement and 
ancillary benefits to public employees, Le., employees of the national 
government or any local government in Taiwan. Retirement benefits 
are calculated according to length of service and final salary at retire-
ment. The present funding policy requires both employer and employee 
contributions to a public trust fund for a maximum 35 years. Each par-
ticipant in Tai-PERS contributes 2.8% of covered monthly salary while 
the employer (national or local government) contributes 5.2% of the 
participant's covered monthly salary. 
According to current Tai-PERS regulations, it is "mandatory" for em-
ployees to retire at the age of 65. If the employee is still healthy and 
willing to continue to work beyond age 65, however, Tai-PERS autho-
rizes the employee to work for a maximum of 5 years more under the 
condition that officials approve the employee's application for late re-
tirement. Thus the oldest retirement age is 70. 
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Retirees have three options at retirement: (i) a lump-sum retirement 
payment, (ii) a monthly pension with the cost of living adjustment that 
is decided by the government annually, or (iii) a combination of a lump-
sum payment and a monthly pension. Participants who have worked 
for more than 5 years and less than 15 years can have a lump-sum single 
retirement payment. 
3.1 More Notation 
Some of the actuarial notation used to describe Tai-PERS are: 
Y is the normal retirement age (y = 65 years by law); 
t is the current time; 
x is the current age; 
m is the minimum entry age into the plan; 
Sx,j,t is the base monthly salary of the participant j at age x at time t; 
Sx is the salary scale function at age x; 
hPlT) is the probability that an active participant age x is still active 
after h years; 
q}[) is the probability that an active participant age x retires within a 
year; 
qld) is the probability that an active participant age x dies within a 
year; 
q~) is the probability that an active participant age x is laid off and 
disabled within a year; 
qlW) is the probability that an active participant age x withdraws within 
a year; 
v = I! j is the discount factor under the assumed interest rate j; 
h(z) is the cost of living adjustment (COLA) function for a retiree z 
years after retirement, z ~ 0; 
Ax,t is the set of active participants in plan age x at time t; 
Yx,j,t is the number of years of service (employment) up to age x for 
participant j E Ax,t; 
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[z] denotes the largest integer less than or equal to z; 
MJ/J,t is the factor (based on the number of years of service) used 
to calculate a single lump-sum payment for participant j E Ax,t, 
where 
{ 
min(53,1.5[Yx ,j,t]) 
M~:J,t = ~n(53, 1.5 [Yx,j,t]) 
mm(53, 1.5 [Yx,j,tJ + 1.5) 
if Yx,j,t = [Yx,j,t] 
if Yx,j,t < [Yx,j,t] + 0.5 
if Yx,j,t 2: [Yx,j,t] + 0.5; 
M:':J,~ is the factor (based on the number of years of service) used to 
calculate a monthly pension for participant j E Ax,t. For partici-
pants with at least 15 years of service ([Yx,j,tJ 2: 15), 
{ 
min(35, [Yx,j,tJ) if Yx,j,t = [Yx,j,tJ 
M:':J,~ = ~n(35, [Yx,j,tJ + 0.5) ~f 0.5 > Yx,j,t - [Yx,j,tJ > o. 
mm(35, [Yx,),tJ + 1) If 1 > Yx,),t - [Yx,),tJ 2: 0.5, 
colaa12) is the cost of living adjustments mIDuity at age x, i.e., 
cola s~N is the n-year cost of living adjustments aIIDuity-certain, i.e., 
2n 1 k k ( W ) i 
cola 5 (2) = "" - V 2 n 1 + h ( - ) . W L2 2 ' 
k=I w=I 
PYFLS{ is the actuarial present value of the lump-sum (single) payment 
to participant j E Ax,t; and 
PYFMO{ is the actuarial present value of the monthly pension to par-
ticipant j E Ax,t. 
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It is important to note at this point that a public employee's salary 
structure under Tai-PERS differs from that of public employees in the 
United States. In Taiwan a public employee's salary is divided into two 
components. One component is the base salary (Le., SX,j,t), which varies 
according to the employee's years of service and job rank. The other is 
the merit payor bonus that varies according the employee's work per-
formance. These two components are roughly'50% of each employee's 
salary. For example, an employee may have monthly salary of $5,000 
(with base salary of $2,500 and an additional bonus of $2,500, while an-
other employee may have month salary of $5,000 but with base salary 
of $2,700 and an additional bonus of $2,300. In this study, the base 
salary (Le., roughly half of participant's earned salary) is used to cal-
culate the retirement benefits. Hence SX,j,t is assumed to be half of 
participant's actual monthly salary. 
Without losing accuracy and to avoid messy and complex presen-
tation, some minor modifications in formulating the various benefit 
payments are used. 
3.2 Normal Retirement Benefits 
According to the current Taiwanese public employees retirement 
and compensation law, it is mandatory for the employees to retire at 
the age of 65 unless permission is granted otherwise. A public employee 
can voluntarily retire at the age of 60 after 5 years of service or at any 
age after 25 years of service. Employees who have worked for more 
than 15 years are eligible to choose anyone of the following five benefit 
payment options: 
• Option 1: A lump-sum single payment; 
• Option 2: A monthly benefit; 
• Option 3: One half of the lump-sum payment and one half of the 
monthly pension; 
• Option 4: One third of the lump-sum payment and two thirds of 
the monthly pension; or 
• Option 5: One fourth of the lump-sum payment and three fourths 
of the monthly pension. 
Participants who have worked more than 5 years but less than 15 years, 
however, only have the lump-sum payment option. There is no retire-
ment benefit for the participants who have worked less than 5 years. 
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The so-called monthly pension under Tai-PERS is paid to retirees 
twice per calendar year on specific dates, namely January 16 and July 
16. The payment on January 16 is for the period between January and 
June and the payment on July 16 is for the period between July and 
December each year. Regulations specify that the last employer (at the 
time of retirement) provides the first payment and Tai-PERS provides 
the rest of the benefits every six months. So, for example, consider a 
person born on May 8, 1934, hired on May 8, 1959, and who retired 
on May 8, 1999 at age 65 with a pension of $3,000 per month. In this 
case, she will receive $ 3, 000 (1 + ~i) = $ 5, 323 from her last employer 
on May 8, 1999 for payment between May 8, 1999 and June 30, 1999. 
Then she will receive $18,000 from Tai-PERS every six months starting 
on July 16, 1999 until she dies. 
3.2.1 Lump-Sum Benefits 
For participants who choose the lump-sum payment option, it is 
assumed that the payment is made in the middle of the retiring age. The 
lump-sum retirement benefit is 1.5 times the monthly final salary for 
each year of service, with a maximum benefit of 53 times the monthly 
salary. To encourage early retirements, if the participant chooses to 
retire at age 55, he or she receives an extra lump-sum benefit of five 
more months credited to his or her years of service. 
Based on the information at time t, the actuarial present value of 
the lump-sum payment of participant j E Ax .t is 
y-x-I 
PVFLSi = '" SinEr . kP(T) q(r) vk+~ t L x+k.J.t x x+k ' 
k=O 
where 
sinEr . = 2Sx . t (5X+k Msi~ + 5I{x + k = 55} X 555 ) x+k.J.t .J. 5
x 
x.J.t 5
x 
and I {A} is the indicator function for an event (set) A, Le., 
I{A} = {I if A is ~rue 
o otherwIse. 
(24) 
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3.2.2 Monthly Benefits 
For participants who choose the monthly or the mixed payment op-
tion, the monthly pension is calculated according to the speCific percent 
of the participant's salary. This base monthly benefit for a participant 
currently age x who retires at age x + k, monB;+k,j,t' is 2% per year for 
each year of service, with a maximum benefit of 70% of final salary, i.e., 
monBY 2S Sx+k 2% M mon 12 
x+k,j,t = x,j,t Sx 0 X x,j,t X . 
The base monthly benefit is increased semi-annually with cost of living 
adjustments. 
In addition to their monthly retirement benefit, retirees who choose 
the monthly benefit are entitled to two extra death benefits: (i) a pay-
ment of six months of final salary, and (ii) an extra payment as an in-
ducement to encourage retirees to choose the monthly benefit option. 
SpeCifically, consider participant j who is currently age x who retires 
at age x + k then dies at age x + k + u: 
(i) The six months of final salary payment is 
Sx+k 2Sx j" t-- X 6. 
" Sx 
(ii) The extra payment as an inducement is determined as follows: 
the quantities 
2S " Sx+k M sin (1 + i)U X,j,t Sx X,j,t 
(as if the retiree had chosen the lump-sum option) and 
2S " sx+k x 2% x M mon x 12 X coIas (2) X,j,t Sx x+k,j,t Ul 
(the accumulated value of the monthly pension that the retiree 
has already received) are compared. A benefit is paid when the 
accumulated value of the monthly pension he received is less than 
the payment based on lump-sum option. Thus the inducement 
benefit can be written as 
max{O 2S " Sx+k (MSin (1 + i)U - 0.24Mmon coIas (2))}. 
, X,j,t Sx X,j,t x+k,j,t Ul 
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The size of the total extra death benefit for a person who retires at 
age x + k is 
Sx+k 
XDBx+k,u,j,t = 2Sx ,j,t----;;;-
x [6 + max {o, M sin (1 + i)u X,j,t - 0.24Mmon. COlas (2)}] x+k,j,t Ul 
and the actuarial present value of the monthly retirement benefit plus 
the extra death benefit is 
y-x-1 
PVFMOj = '" p(T) q(Y) [monBY . vk+~ colaa (2) t L k x x+k x+k,j,t k+1/2 
k=O 
+ ~ V ~ !0.:lll qx+k XDBx+k U j' t] L 2 2 ' " 
u=o 
(25) 
where u;l I ~ qx+k is based on post-retirement mortality. Because we only 
have the retiree's age at retirement (recorded as an integer), 1/2 year 
is added to the recorded retirement age in order to adjust for the frac-
tional part. 
3.3 Benefits Other than Normal Retirement Benefits 
3.3.1 Withdrawal Refund Benefits 
In Tai-PERS both employers and employees make monthly contribu-
tions to the Tai-PERS trust fund. If d is the annual overall contribution 
rate (expressed as a percentage of salary) at age z for participant j, 
then 65% of d comes from the employer and 35% of d comes from 
the employee. 
An employee who withdraws from service can receive his or her ac-
cumulated contributions. In addition, if the employee withdraws at ex-
act age 35 or 45, the employee can also receive the employer's matching 
contribution. Based on the information available at time t, let AC~,z,t 
denote the projected accumulated contributions at age z ;::: x for par-
ticipant j who is currently age x. It follows that 
z-l 
j '" j Sk (12) ( , z-k ACx,z,t = L 24 x 0.35 x CzSX,j,tsa]l 1 + t) . 
k=m x 
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The actuarial present value of withdrawal refund benefit is: 
. Y-l[ 06S ] PVFWB~,t = z~ 1 + 0:3S (I{z = 3S} + I{z = 4S}) 
. 1 
X ACJ p(T) q(w) v(z-x)+z X,z,t z-x x Z • (26) 
3.3.2 Death Benefits for Active Participants 
The size and form of the death benefit for active participants de-
pends on the participant's years of service at the time of death. Ac-
cording to the regulation, a single payment is paid to his spouse if Yx,j,t 
is less than IS years, while a monthly pension plus an extra benefit is 
paid when Yx,j,t is equal or more than IS years. 
For participants who worked for less IS years the single payment 
death benefit is: 
For participants who worked for more than IS years, however, the 
death benefit is paid in two forms: 
(i) A semi-annual annuity paying an annual benefit of five months 
salary for 10 years to the surviving spouse, i.e., 
Scola lOS . x+k a(2) 
x,J,t Sx x+k:I6l 
where cOlaa~2lk:I6l is the actuarial present value of the semi-annual 
pension paid to the spouse. To simplify the calculations, we as-
sume that the spouse and the participant have the same age. 
(ii) A lump-sum payment of 15 months salary for IS years of service 
with an increase of half a month's salary for each year of service 
beyond IS years to a maximum 2 S months, i.e., 
Sx+k . {[ ]} 2Sx ,j,ts;: (IS + mm 10,0.S Yx,j,t - 14.S . 
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Thus the actuarial present value of the total death payments is: 
y-x-l 
PVFRB j - " DB j (T) (d) k+ ~ x,t - L x,x+k,t kPx qx+k V , (27) 
k=O 
where 
DB~,X+k,t = 25X,j,t S~:k [M~~J.tI{Yx,j,t < IS} 
+ 5co1aii(2) J{Y' ~ IS} 
x+k:IOl X,J,t 
+ (15 + min {1O,O.5 [Yx,j,t -I4.5]}I{Yx ,j,t ~ IS} J. 
3.3.3 Termination and Disability Benefits 
Tai-PERS provides a comprehensive compensation plan for its mem-
bers. According to the current Taiwan public employees retirement and 
compensation law, employees are terminated once they receive notice 
from their employer. Employees are then eligible for termination bene-
fits, which are the same as the lump-sum benefit for retirement, i.e., 1.5 
times the monthly final salary for each year of service, with a maximum 
benefit of 53 times the monthly salary and it excludes the extra benefit 
at age 55. 
When an employee is incapable of fulfilling his or her responsibility 
or performing similar other jobs, retirement is mandatory under Tai-
wanese law. Disability benefits are the same as termination benefits. 
y-x-l 
PVFDISB j - "DIS j (T) (d) k+~ X,t - L x+k,tkPx qx+k V , (28) 
k=O 
where 
DIS j 25 Sx+k M sin x+k,t = x,j,t ----;;- x,j,t· 
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4 Application of the Methodology to Tai-PERS 
4.1 Data Description 
There were about 271,215 active participants in the Tai-PERS system 
in 1996. A sample of 3,823 participants was chosen used to evaluate 
the performance of the minimization scheme proposed in Section 2. 
The average age of the sample of employees was 42.99 years and the 
average number of years of service was 15.6 years. Generally speaking, 
the employees in the sample were relatively older than the Tai-PERS 
population as a whole. Accordingly, the contribution rates obtained 
from the sample vary from that for Tai-PERS. The distribution of the 
sample is shown in Table 2. The distribution of new entrants into the 
sample is given in Table 3. 
A service table (Table 4) is constructed based on the experience data 
collected from July 1, 1995 to June 30, 1996. Though the earliest en-
try age into Tai-PERS is around 18 (after graduation from high school), 
making the youngest possible retirement age around 23, we set the 
youngest entry age to be 20. Tables 2, 3, and 4 are used to project the 
evolution of our sample of employees. 
4.2 Assumptions 
The basic actuarial assumptions are: 
Service Table: The Tai-PERS service table is based on plan experience 
in 1995-1996 (see Table 3); 
Post-Retirement Mortality: Follows the 1989 Taiwan Standard Ordi-
nary life table (1989 TSO) annuity table; 
Actuarial Cost Method: Individual entry age normal (EAN) cost method; 
Salary Scale: Sx = (1.035)X, i.e., salaries increase by 3.5% annually; 
Inflation Rate: h(z) = (1.03)2, i.e., a 3% annual inflation rate; 
Valuation Interest Rate: 6%, i.e., Vt = (1.06)-t; 
Target Fund Ratio: 17 = 75% annually; 
Risk Measurement Weight: f3t = 60% annually; 
Fund Return Parameters: e = 8% and (J2 = 0.0004; 
Initial Fund: Fo = 373,211,585 NT; 
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Table 2 
Distribution of Sample of Tai-PERS Employees 
Age No. of Average Years of Service Base Monthly 
x Employees Total In Plan Salary (NT$) 
21 1 2.39 1.39 9630.00 
22 6 2.40 1.31 9740.83 
23 9 3.42 1.33 13792.67 
24 27 2.69 1.30 14557.78 
25 32 3.25 1.33 14580.00 
26 60 3.82 1.39 15038.92 
27 75 3.80 1.39 17748.53 
28 88 4.59 1.41 16865.91 
29 93 5.21 1.44 15914.41 
30 85 5.68 1.48 18528.71 
31 112 6.44 1.50 17409.33 
32 119 6.78 1.49 18942.90 
33 157 7.40 1.47 18531.15 
34 152 8.67 1.49 18933.52 
35 173 10.08 1.50 19567.11 
36 162 9.57 1.49 19321.60 
37 184 11.19 1.50 20812.99 
38 179 11.89 1.50 21111.17 
39 169 12.73 1.50 22736.51 
40 146 13.31 1.51 24158.42 
41 169 14.17 1.51 24670.59 
42 137 14.34 1.51 24502.26 
43 120 15.27 1.51 25039.63 
44 133 16.42 1.51 26975.98 
45 124 16.74 1.51 25803.67 
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Table 2 (contd.) 
Age Distribution of Tai-PERS Sample 
Age No. of Average Years of Service Base Monthly 
x Employees Total In Plan Salary (in NT$) 
46 105 18.32 1.51 28092.10 
47 116 18.79 1.51 26684.96 
48 86 19.49 1.51 28444.19 
49 84 21.56 1.50 28695.89 
50 65 22.67 1.51 27389.92 
51 42 23.48 1.51 31958.93 
52 45 22.49 1.51 30450.67 
53 51 23.03 1.51 29586.47 
54 60 25.55 1.51 29098.58 
55 50 26.71 1.51 31298.30 
56 47 28.83 1.51 33984.26 
57 33 28.60 1.51 31777.27 
58 30 29.76 1.51 33272.83 
59 31 32.72 1.51 31489.19 
60 32 33.51 1.51 31162.97 
61 29 34.35 1.51 38002.76 
62 37 35.09 1.51 35186.08 
63 34 34.86 1.51 33188.38 
64 31 37.90 1.51 36694.52 
65 50 36.74 1.51 40514.10 
66 29 37.36 1.51 38078.62 
67 4 41.78 1.51 47010.00 
68 10 39.21 1.51 46951.00 
69 3 39.86 1.51 47010.00 
70 6 42.95 1.51 45535.00 
Table 3 
The Recruitment Distribution of New Entrants 
Age 20-24 25-29 30-34 35-39 40-44 
Percentage 20% 60% 18% 1% 1% 
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Table 4 
Service Table of Tai-PERS 
x l1T l q1al qfl q1wl q~l 
20 100,000 0.06% 0.00% 0.03% 0.00% 
21 99,905 0.12% 0.00% 1.18% 0.00% 
22 98,608 0.13% 0.00% 1.32% 0.01% 
23 97,166 0.10% 0.00% 0.54% 0.01% 
24 96,530 0.08% 0.00% 0.35% 0.01% 
25 96,106 0.05% 0.00% 0.45% 0.01% 
26 95,612 0.05% 0.01% 0.69% 0.01% 
27 94,888 0.08% 0.00% 0.78% 0.01% 
28 94,057 0.07% 0.01% 0.67% 0.01% 
29 93,347 0.06% 0.01% 0.57% 0.03% 
30 92,730 0.07% 0.00% 0.57% 0.02% 
31 92,109 0.06% 0.00% 0.56% 0.02% 
32 91,524 0.07% 0.00% 0.52% 0.04% 
33 90,942 0.07% 0.00% 0.47% 0.06% 
34 90,394 0.06% 0.00% 0.47% 0.06% 
35 89,858 0.08% 0.01% 0.50% 0.11% 
36 89,235 0.08% 0.00% 0.39% 0.08% 
37 88,738 0.09% 0.00% 0.38% 0.11% 
38 88,221 0.08% 0.01% 0.34% 0.16% 
39 87,706 0.12% 0.01% 0.29% 0.17% 
40 87,187 0.07% 0.01% 0.26% 0.18% 
41 86,728 0.12% 0.00% 0.24% 0.23% 
42 86,215 0.12% 0.03% 0.20% 0.26% 
43 85,693 0.11% 0.02% 0.20% 0.21% 
44 85,235 0.15% 0.08% 0.16% 0.25% 
45 84,684 0.14% 0.18% 0.17% 0.23% 
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Table 4 (contd.) 
Service Table of Tai-PERS 
x 11Tl q1al qfl q1wl qrl 
46 84,071 0.20% 0.22% 0.16% 0.27% 
47 83,351 0.25% 0.30% 0.06% 0.22% 
48 82,661 0.22% 0.32% 0.07% 0.21% 
49 81,984 0.27% 0.26% 0.08% 0.22% 
50 81,310 0.25% 2.30% 0.04% 0.09% 
51 79,128 0.25% 1.83% 0.06% 0.15% 
52 77,325 0.21% 1.62% 0.09% 0.13% 
53 75,736 0.28% 1.91% 0.14% 0.18% 
54 73,835 0.43% 1.34% 0.04% 0.12% 
55 72,410 0.38% 9.92% 0.04% 0.08% 
56 64,863 0.45% 1.90% 0.04% 0.17% 
57 63,210 0.21% 2.84% 0.10% 0.07% 
58 61,182 0.43% 3.42% 0.12% 0.12% 
59 58,679 0.50% 9.37% 0.05% 0.10% 
60 52,805 0.45% 8.90% 0.09% 0.09% 
61 47,776 0.47% 5.12% 0.11% 0.07% 
62 45,015 0.55% 6.07% 0.09% 0.04% 
63 41,982 0.56% 6.53% 0.04% 0.12% 
64 38,938 0.63% 7.58% 0.07% 0.19% 
65 35,643 0.24% 98.82% 0.45% 0.00% 
66 176 0.00% 29.85% 1.01% 0.00% 
67 122 0.00% 20.32% 1.22% 0.00% 
68 95 0.00% 17.86% 0.00% 0.00% 
69 78 0.00% 57.93% 0.00% 0.00% 
70 33 1.52% 70.97% 0.00% 0.00% 
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Initial Plan Size: 3,823 employees; and 
Benefits: For simplicity, we assume that all benefits are paid at the be-
ginning of each year. To accomplish this, some adjustments are 
done in simulating the payment streams. 
An additional adjustment is needed to determine the retirement 
benefits for the entire plan. This is done as follows: Let ¢i denote 
the probability that a retiree chooses option i, i = 1,2,3,4,5, with 
L ¢i = 1. The actuarial present value of retirement benefits for 
all active employees in Tai-PERS at time tis: 
y-l 
PVFRBt = L L PVFRB~,t (29) 
X~mjEAx.t 
where PVFRB~,t denotes the actuarial present value of retirement 
benefits for employee j who is age x at time t in Tai-PERS. 
PVFRB~,t can be written as a weighted sum of the the five options 
listed at the start of Section 2, i.e., 
PVFRB~,t = PVFLS{ X ¢l + PVFMO{ X ¢2 
[ 1 '1 'J + "2 PVFLSi + "2 PVFMOi X ¢3 
[ 1 ,2 'J + '3 PVFLSi + '3 PVFMOi X ¢4 
[ 1 ,3 'J + 4" PVFLSi + 4" PVFMOi X ¢s. (30) 
In reality, the ¢is will depend on an individual's age at retirement, 
number of years of service, financial circumstances, health status, 
etc. So, in general, it will be difficult to estimate each individual's 
¢i. Thus the ¢is actually used in our simulations are aggregate 
probabilities for the entire plan and are estimated using the Tai-
PERS experience in 1995-1997. 
It must be pointed out that the work force and benefit payments used in 
the objective function are simulated under the assumption of an open 
group with a constant size. That is, we assume that the overall number 
of employees in the sample is held at a constant level, as is required by 
Taiwanese government policy in order to reduce the financial burden 
of Tai-PERS. 
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4.3 The Results and Analyses 
Using the data and plan assumptions in Sections 4.1 and 4.2 and 
three planning periods (T = 10, 15, and 20 years), the benefits (Bd, 
plan experience, and the interest earned on investments (it) are sim-
ulated for 20 years. They are used to estimate actuarial accrued lia-
bilities, normal costs, and fund assets. The optimal contributions for 
each planning period under RIPM are determined from equations (11) 
through (14). The optimal contributions for each planning period un-
der CIPM are determined from equations (18) through (21). The results 
are shown in Tables 5 through 10. 
Figures 1 through 3 show the optimal contribution ratios (CtlNCd 
and funding ratios (Ft I ALt) for the various planning periods. These fig-
ures show that these ratios vary over time, suggesting that they might 
be influenced by the demographic assumptions from our simulations. 
There is a consistent pattern of contribution ratios gradually decreas-
ing from about 140% in 1997 to 100% at the end of the planning period 
under RIPM. There is a much wider variation under CIPM, from 160% 
in 1997 to roughly 60% at the end of the planning period. The optimal 
funding ratios tend to move in the opposite direction. They are grad-
ually increasing by years from 70% in 1998 to about 97% at the end of 
the planning period under CIPM, while from 70% in 1998 to 100% at the 
end of the planning period under RIPM. The contribution ratios under 
CIPM seem to fluctuate more than under RIPM. 
Figures 4 and 5 show the optimal contributions under CIPM and 
RIPM, respectively, for the various planning periods. These figures show 
that the size of the optimal contributions in any year decreases as we 
extend the length of the planning period. 
The ratios of optimal contributions (CFPM ICfIPM) are also plotted 
in Figure 6 for comparison. These ratios behave Similarly during the 
first seven years or so. They then fluctuate significantly. Thus, we can 
expect different optimal contributions using RIPM and CIPM after the 
first seven to ten years. 
Table 5 
Optimum Contributions Using Haberman and Sung (1994) with T = 10 
t Ft Bt it NCt ALt ct 
0 373,211,585 106,636,560 0.081 264,658,176 585,530,240 413,806,784 
1 735,466,112 48,948,364 0.076 254,203,072 851,652,800 315,874,944 
2 1,078,517,154 89,903,272 0.072 250,750,880 1,152,353,024 290,852,704 
3 1,371,757,669 95,409,192 0.080 247,360,208 1,461,198,464 275,160,192 
4 1,675,629,429 67,699,656 0.086 243,759,120 1,775,253,248 247,427,728 
5 2,014,240,058 76,361,992 0.085 240,339,776 2,101,083,136 230,731,024 
6 2,352,101,536 65,474,592 0.090 238,243,632 2,454,753,024 217,235,248 
7 2,728,191,745 102,758,760 0.091 235,766,864 2,813,157,888 214,558,960 
8 3,098,192,936 134,871,760 0.091 233,146,752 3,183,145,472 213,573,856 
9 3,467,139,484 193,478,128 0.089 231,159,440 3,578,989,056 169,976,656 
10 3,750,704,679 161,202,912 227,970,288 3,953,183,488 
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Table 6 
Optimum Contributions Using Chang (1999) with T = 10 
t Ft Bt it Net ALt 
0 373,211,585 106,636,560 0.081 264,658,176 585,530,240 
1 652,645,634 48,948,364 0.076 254,203,072 851,652,800 
2 972,393,725 89,903,272 0.072 250,750,880 1,152,353,024 
3 1,250,364,179 95,409,192 0.080 247,360,208 1,461,198,464 
4 1,540,061,470 67,699,656 0.086 243,759,120 1,775,253,248 
5 1,880,346,539 76,361,992 0.085 240,339,776 2,101,083,136 
6 2,228,378,413 65,474,592 0.090 238,243,632 2,454,753,024 
7 2,623,226,718 102,758,760 0.091 235,766,864 2,813,157,888 
8 3,010,889,344 134,871,760 0.091 233,146,752 3,183,145,472 
9 3,395,413,562 193,478,128 0.089 231,159,440 3,578,989,056 
10 3,740,144,404 161,202,912 227,970,288 3,953,183,488 
c* t 
337,189,323 
300,062,452 
283,749,928 
271,027,799 
259,663,643 
250,553,324 
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Table 7 ~ 
(\) 
Optimum Contributions Using Haberman and Sung (1994) with T = 15 ~ 
Ft Bt it NC t ALt C* 
i::;' 
t ..... t ;::;. 
° 
373,211,585 106,636,560 0.076 264,658,176 585,530,240 413,807,424 "1:J (\) 
1 731,995,223 48,948,364 0.101 254,203,072 851,652,800 318,112,256 ::; 
"" 2 1,102,432,124 89,903,272 0.067 250,750,880 1,152,353,024 275,453,824 0' ::; 
3 1,374,074,884 95,409,192 0.072 247,360,208 1,461,198,464 273,680,352 ~ 
4 1,663,767,839 67,699,656 0.090 243,759,120 1,775,253,248 255,104,096 
::; 
!>:l.. 
5 2,018,193,822 76,361,992 0.106 240,339,776 2,101,083,136 228,293,248 
~. 
\S:) 
6 2,400,078,024 65,474,592 0.100 238,243,632 2,454,753,024 186,703,904 
7 2,772,486,847 102,758,760 0.081 235,766,864 2,813,157,888 187,585,408 
8 3,088,821,372 134,871,760 0.094 233,146,752 3,183,145,472 228,123,600 
9 3,479,795,126 193,478,128 0.080 231,159,440 3,578,989,056 216,944,064 
10 3,783,522,098 161,202,912 0.055 227,970,288 3,953,183,488 222,646,480 
11 4,057,552,838 209,269,152 0.081 225,249,024 4,343,038,464 288,066,880 
12 4,472,912,082 186,510,336 0.080 221,934,336 4,712,074,752 247,495,104 
13 4,896,608,792 222,970,272 0.080 219,645,904 5,146,928,640 221,517,792 
14 5,286,769,028 225,303,168 0.076 216,970,176 5,565,712,384 139,811,344 
15 5,599,154,131 225,283,040 214,121,360 5,987,062,784 
w 
w 
w 
,j::.. 
Table 8 
Optimum Contributions Using Chang (1999) with T = 15 
t Ft Bt it Net ALt c* t 
° 
373,211,585 106,636,560 0.076 264,658,176 585,530,240 350,178,999 
1 663,540,043 48,948,364 0.101 254,203,072 851,652,800 313,132,211 
2 1,021,568,503 89,903,272 0.067 250,750,880 1,152,353,024 293,796,067 
3 1,307,374,409 95,409,192 0.072 247,360,208 1,461,198,464 281,704,276 
4 1,600,879,698 67,699,656 0.090 243,759,120 1,775,253,248 270,224,146 
'-
5 1,966,115,867 76,361,992 0.106 240,339,776 2,101,083,136 259,003,289 0 s:: 
6 2,376,445,902 65,474,592 0.100 238,243,632 2,454,753,024 249,622,442 
""; 
~ 
~ 7 2,815,687,083 102,758,760 0.081 235,766,864 2,813,157,888 242,331,492 0 
8 3,194,703,571 134,871,760 0.094 233,146,752 3,183,145,472 237,606,661 
-., 
:t:. 
r, 
9 3,605,954,219 193,478,128 0.080 231,159,440 3,578,989,056 233,316,809 ... s:: 
10 3,937,456,489 161,202,912 0.055 227,970,288 3,953,183,488 229,179,783 ~ ""; 
11 4,226,892,750 209,269,152 0.081 225,249,024 4,343,038,464 226,784,402 ~ 
"\J 
12 4,589,761,801 186,510,336 0.080 221,934,336 4,712,074,752 222,857,052 ""; ~ 
13 4,996,197,398 222,970,272 0.080 219,645,904 5,146,928,640 220,173,079 
r, 
... i'). 
14 5,392,872,435 225,303,168 0.076 216,970,176 5,565,712,384 217,197,027 ~ 
15 5,796,679,404 225,283,040 214,121,360 5,987,062,784 ~ 
.?> 
"" 0 0 
0 
Table 9 9 
Optimum Contributions Using Haberman and Sung (1994) with T = 20 ~ ::; 
t Ft Bt it Net ALt c* ~ t ;:.., 
0 373,211,585 106,636,560 0.057 264,658,176 585,530,240 413,807,424 (\) ~ 
1 718,864,907 48,948,364 0.061 254,203,072 851,652,800 326,569,440 ~ 
...... 
2 1,056,906,812 89,903,272 0.083 250,750,880 1,152,353,024 304,776,480 ;::;. 
3 1,377,752,643 95,409,192 0.063 247,360,208 271,311,552 
""IJ 
1,461,198,464 (\) ::; 
4 1,651,177,015 67,699,656 0.067 243,759,120 1,775,253,248 263,213,824 '" o· 
5 1,971,131,272 76,361,992 0.082 240,339,776 2,101,083,136 258,606,032 ::; ~ 6 2,330,794,365 65,474,592 0.080 238,243,632 2,454,753,024 231,329,568 ::; 
7 2,696,381,396 102,758,760 0.080 235,766,864 2,813,157,888 236,605,056 So:l.. ~. 
8 3,056,646,538 134,871,760 0.084 233,146,752 3,183,145,472 248,848,608 IS::> 
9 3,435,770,039 193,478,128 0.107 231,159,440 3,578,989,056 245,305,776 
10 3,859,855,541 161,202,912 0.058 227,970,288 3,953,183,488 173,510,544 
11 4,097,383,674 209,269,152 0.062 225,249,024 4,343,038,464 262,651,472 
12 4,410,027,561 186,510,336 0.085 221,934,336 4,712,074,752 289,607,296 
13 4,898,313,408 222,970,272 0.103 219,645,904 5,146,928,640 232,266,864 
14 5,414,224,333 225,303,168 0.083 216,970,176 5,565,712,384 144,879,232 
15 5,774,126,863 225,283,040 0.088 214,121,360 5,987,062,784 182,089,664 
16 6,202,151,121 340,608,224 0.088 212,082,800 6,427,823,616 176,958,464 
17 6,570,279,274 384,232,000 0.050 209,096,448 6,821,858,816 157,806,992 
18 6,658,007,323 422,253,632 0.091 206,210,160 7,183,346,176 271,490,016 
19 7,096,278,014 510,401,472 0.080 202,645,072 7,431,084,544 104,960,320 
20 7,226,104,098 564,830,528 199,309,184 7,703,323,648 w Vl 
Table 10 w OJ 
Optimum Contributions Using Chang (1999) with T = 20 
t Ft Bt it Net ALt C* t 
0 373,211,585 106,636,560 0.057 264,658,176 585,530,240 364,317,179 
1 666,575,492 48,948,364 0.061 254,203,072 851,652,800 328,944,297 
2 1,003,965,740 89,903,272 0.083 250,750,880 1,152,353,024 313,678,298 
3 1,330,043,764 95,409,192 0.063 247,360,208 1,461,198,464 297,754,027 
4 1,628,575,732 67,699,656 0.067 243,759,120 1,775,253,248 285,976,833 
5 1,971,303,895 76,361,992 0.082 240,339,776 2,101,083,136 275,267,053 
6 2,349,014,952 65,474,592 0.080 238,243,632 2,454,753,024 265,528,632 
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Figure 3 
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Figure 5 
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Some empirical observations worth noting are the following: 
1. If RIPM is chosen for its robustness with respect to the variation 
cross years, then a long-term stable decreasing trend would be 
found in contribution rates. 
2. When CIPM is adopted, much more variable contribution rates may 
occur. Based on our analysis, a longer projection period results 
in much more unstable contribution rates. 
3. There is no clear better performance measure for funding ratios 
in RIP M and CIPM within different time frames. 
4. The effects on these ratios are diminished when we reduce the 
length of the planning horizon. It explains that the effects due to 
policy intervention in contribution ratios are significant in longer 
time frames under both performance measures. 
5. RIPM is a relatively stable strategy for decision making that pro-
vides more consistent and smoother optimal solutions under pol-
icy intervention. 
5 Closing Comments 
As the percentage of the population past retirement age increases, 
pension-related topics have taken on a new Significance, and much at-
tention has been focused on the implementation of better retirement 
systems. We hope the approach presented here can be used in this 
effort. 
A summary of the advantages of this approach is listed below: 
1. With the ready availability of today's high speed computers, the 
plan administrator can forecast the plan's future cash flows; 
2. The optimal contribution can be estimated under various scenar-
ios based on specific plan investment and recruiting strategies; 
3. The optimal funding and actuarial status of the plan can be esti-
mated under specific performance measure implemented through 
a computerized system; and 
4. Running an extensive set of scenarios will clarify the interaction 
between the plan liability and the investment performance. 
Chang: Realistic Pension Funding 41 
As we mentioned previously, Figures 4 and 5 show that the size of 
the optimal contributions in any year decreases as we extend the length 
of the planning period. One area for further study is to determine if it 
is better to use a single planning period of length 2n years (20 years, 
say) or use two planning periods of n years (10 years) each. 
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